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1. Introduction

Neutrino Oscillation

Maltoni et al, [hep-ph/0405172] ver.6 (Sep 2007) 3σ

Best Fit

⇓
sin2 θ12 = 0.26 − 0.32 − 0.40 : Large

sin2 θ23 = 0.34 − 0.50 − 0.67 : Maximal

sin2 θ13 ≤ 0.050 : Small

⇓

sin2 θ12 ≃ 1

3

sin2 θ23 ≃ 1

2
sin2 θ13 ∼ 0



Tri-bimaximal Generation Mixing Harrison, Perkins, Scott (2002)

Experiments

VTB =
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⇒
sin2 θ12 = 1

3

sin2 θ23 = 1
2

sin2 θ13 = 0

⇔
sin2 θ12 ≃ 1

3

sin2 θ23 ≃ 1
2

sin2 θ13 ≤ 0.050

• ν2 : Tri-maximal Mixture of νe, νµ, ντ

• ν3 : Bi -maximal Mixture of νµ, ντ

VTB ≃ V exp
MNS

⇓
• Good theoretical motivation to look for flavor structure

- Flavor symmetry

e.g. � Discrete symmetry � S3, A4,,,

- Mass texture

⇒ “Cascade” matrix



2. Cascade Matrix

Mcas =





δ δ δ
δ λ λ
δ λ 1



 v, δ ≪ λ ≪ 1

(“cascade hierarchy” by Dorsner and Barr, (2001))

(Mass) Eigenvalues

m1 : m2 : m3 ∼ δ : λ : 1

Mixing angles

θ12 ∼ δ

λ
, θ23 ∼ λ, θ13 ∼ δ,

[

θij ∼ mi

mj

]

• The fermion mass matrices of the cascade form naturally lead
to the tri-bimaximal generation mixing in the lepton sector.



3. Tri-bimaximal Generarion Mixing

Neutrino Sector (Charged lepton sector: Diagonal)

• What is the form of Mν for the tri-bimaximal mixing?
Mν = V ∗

TB · Diag{m1, m2, m3} · V †
TB

=
m1

6





4 −2 −2
−2 1 1
−2 1 1



+
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1 1 1
1 1 1
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0 0 0
0 1 −1
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Cascade Matrix � See-saw machanism � Mν ≃ MNM−1
R MT

N �

Dirac Mass Matrix Majorana Mass Matrix

MN =





δ δ δ
δ λ −λ
δ −λ 1



 v, (δ ≪ λ ≪ 1) MR =





M1

M2

M3





Mν ≃ v2

M3





δ2 δλ δ
δλ λ2 −λ
δ −λ 1



+
v2

M1

δ2





1 1 1
1 1 1
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+
v2

M2

λ2





δ2/λ2 δ/λ −δ/λ
δ/λ 1 −1

−δ/λ −1 1





⇒ |m1| ≪ |m2,3| (Normal Hierarchy), |δm3| ≪ |λm2|



Cascade Matrix � See-saw mechanism �

Mass Eigenvalues

(m1, m2, m3) =

(

0 +
v2

6M3

,
3δ2v2

M1

+
v2

3M3

,
2λ2v2
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2M3

)

Mixing Angles
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Mixing Angles

sin2 θ12 =

∣

∣

∣

∣

1
√

3
− O

(

m1

m2

) ∣

∣

∣

∣

2

sin2 θ23 =

∣

∣

∣

∣

−1
√

2
+ O

(

m1

m3

)

+ O
(

δ

λ

m2

m3

) ∣

∣

∣

∣

2

sin2 θ13 =

∣

∣

∣

∣

0 + O
(

δ

λ

)

+ O
(

m1m2

m2
3

)

∣

∣

∣

∣

2

Mass Squared Diferrences

∆m2
21 ≡ |m2|2 − |m1|2, ∆m2

31 ≡ |m3|2 − |m1|2

Parameter Independent Relation
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⇒ θ23 ≃ π/4 � ... r ≪ 1 �



Mixing Angles
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Charged Lepton Sector

ME =





δe δe δe

δe λe λe

δe λe 1



 v

|λe| ≃ |mµ|
|mτ |

≃ 6 × 10−2

|δe| ≃ |me|
|mτ |

≃ 3 × 10−4

Effects on Mixing Angles
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4. Flavor Violation, Leptogenesis

Lepton Flavor Violation

Br(li → ljγ) ∼
3α
∣

∣(m2
l )ij

∣

∣

2

2πm4
SUSY

(

M4
W

m4
SUSY

tan2 β

)

≡
3α
∣

∣(m2
l )ij

∣

∣

2

2πm4
SUSY

· B

(e.g.) δ = λ2 = 10−4

Cascade Model

Br(µ → eγ) ∼ 10−15B

Br(τ → eγ) ∼ 10−12B

Br(τ → µγ) ∼ 10−8B

Exp. Bounds(90 � C.L.)

Br(µ → eγ) < 1.2 × 10−11

Br(τ → eγ) < 1.1 × 10−7

Br(τ → µγ) < 6.8 × 10−8
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Lower Bound of mSUSY

Br(µ → eγ) ∼ 10−15B < 1.2 × 10−11

Br(τ → eγ) ∼ 10−12B < 1.1 × 10−7

Br(τ → µγ) ∼ 10−8B < 6.8 × 10−8
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Leptogenesis

ε1 =
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j 6=1

Im{(DMNM
†
ND†)j1}2

|(DMNM
†
ND†)11|

F (rj)

(

rj ≡
|Mj|2

|M1|2

)

⇓ F (rj) ≡ √

rj

[

2

1 − rj
− ln

(

1 +
1

rj

)]

(SUSY SM)

≃ −1

16π|δ|2

[

Im[δ2ei(θ3−θ1)]

∣

∣

∣

∣

M1

M3

∣

∣

∣

∣

]

ηL =
135ζ(3)

4π4
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g∗nγ
· ε1, ηB = − 8

23
ηL

WMAP 3-years

ηB = (5.6 − 6.5) × 10−10

Cas. Hierarchy

|δ| & (7.5 − 8.8) × 10−3 ⇒ mSUSY & 450
√

tan β GeV



5. Model

L1 L2 L3 R1 R2 R3 φ1 φ2 φ3

U(1)f 2m + 1 1 0 2m + 1 1 0 −2m − 3 −2 −1�m � Positive Integer �

MD =
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v

⇓
⇓ 〈φ1〉 ≃ 〈φ2〉 ≃ 〈φ3〉 ≡ λΛ

⇓

MD ≃





λm+1 λm+1 λm+1

λm+1 λ λ

λm+1 λ 1



 v, δ = λm+1



6. Summary

• The current experimental data of mixing angles is well approx-
imated by the tri-bimaximal generation mixing.

sin2 θ12 ≃ 1/3
sin2 θ23 ≃ 1/2
sin2 θ13 ≤ 0.050

⇐ VTB =
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• The cascade matrix leads to the tri-bimaximal generation mix-
ing.

Mcas =





δ δ δ
δ λ λ
δ λ 1



 v, δ ≪ λ ≪ 1

⇓

Parameter Independent Relation
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Quark Sector

[Cascade] [Waterfall]

Mcas =





δ δ δ
δ λ λ
δ λ 1



 v Mwat =





δ2 δλ δ
δλ λ2 λ
δ λ 1



 v

θ12 ∼ δ/λ, θ23 ∼ λ, θ13 ∼ δ θ12 ∼ δ/λ, θ23 ∼ λ, θ13 ∼ δ
(

θij ∼ mi
mj

) (

θij ∼
√

mi
mj

)

[Hybrid Cascade]

Mhyb =





0 δ δ
δ λ λ
δ λ 1



 v

θ12 ∼ δ/λ, θ23 ∼ λ, θ13 ∼ δ
(

θ12 ∼
√

m1
m2

, θ23 ∼ m2
m3

, θ13 ∼
√

m1m2

m3

)


