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Introduction

One-Loop Effective Action

Importance

@ One-loop effective action: central object in QFT
Partition function in STAT MECH

@ Leading quantum effects in semiclassical approximations

-

Exact Results

@ Euler-Heisenberg: Constant EM field

@ Effective Potential: Constant scalar field

@ Instanton Determinant for massless quark ('tHooft 76)
@ Lower Dimensional Examples

@ Difficult problem in General
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Introduction

Approximation Methods

@ Small coupling expansion
@ Derivative expansion (0¢, OF, OR)
@ Large mass expansion

@ Numerical Computation
) Validity depends on the range of parameters

o

Our Method

@ Spherical symmetry —> radial backgrounds (Separation of
variables)

@ Partial wave method (Numerical +Analytic)
@ ‘Conventional’ regularization/renormalization
@ Precision calculation

@ Not many partial waves are needed
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Introduction

Sources

@ J. Hur and H.Min, hepth-0805.079 (in press PRD)

® G.Dunne, C.Lee, J.Hur and H.Min, PRL94,072001;
PRD71, 085019 (2005)

@ G.Dunne, C.Lee, J.Hur and H.Min, PRD77,045004(2008)



Setting up
.
Partial wave determinants

@ pair of partial differential operators
M=-+V(r), Miree = _ 52, (1)

@ log of functional determinant

F—1n< det[M + m?] > Zgi (det[Ml—i-m]) @)

det[Mree + m? det[Mlree 4+ m2]

[: the angular momentum
@ Degeneracy factor

@2l +d—2)(1+d—3)!
I1(d - 2)!

gi(d) = 3)

@ Radial differential operatorM; :

M= (r ) + v @

rd=19pr or r2



Setting up
L]

the Gel'fand and Yaglom’s theorem (1D)

det(M+m?)  1(c0) 5)
det(Mfree + T)’L2) - wfree(oo)’

Y(r) = sol. of (M +m?)yp =0, i.c. 9(0) = 0; '(0)

Example

|
I
=
\

Free 1D laplacian in a box

det [—% + m2] s [(HT) +m ] sinh(m L)
— = (6)
det[ 2} 7}_11 [ (%) ] mL
W(z) = sinh(m a:); P (3) = o

m
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Setting up
°
Higher Dimension d > 2

problems (d > 2)

@ Determinants for all partial waves ({ =0,1,2,---)
Use the GY theorem for each partial wave

@ the series is divergent:

1 .
FZNI; gl(d)Nld ?

Proper renormalization procedure

@ slow rate of convergence
Utilize the large-L expansion




Setting up
0000000

partial wave cutoff scheme

Renormalized functional determinant

11ren - P +I' = PL =+ PH7 (7)
det[M; + m”]

I'y, = 8

L= Zgl <det Mfree+m2]> ( )

o0

det[M; + m?] )
Ty = )1 50, (9
i l—zL;dgl( ) In <det[/\/l§ree + m?| + ©)

oL: the ‘conventional’ renormalization counterterm.

o

The low partial wave part I't:

@ Calculate radial determinant for each [ using the
Gel'fand-Yaglom method.

@ It grows ~ L4972
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Setting up
(o] Jelele]ele]

partial wave cutoff scheme

the high partial wave part I'g:

@ the sum of all (infinite number of ) partial wave
contributions with [ > L + 1,

@ UV divergences: regularization / renormalization counter
terms

@ analytic calculation is possible

. . .1
uniform asymptotic series in =

'y = /(;Oo dr (Qlog + Z Q—nL_n> ) (10)

n=2—d

@ (Q_,’s may have an implicit L dependency of O(L°)

® Q1,z behaves as O(In L) in the large L limit.

@ The uniform nature makes the r integrals in (10)
well-defined.



Setting up
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partial wave cutoff scheme

Iien = lim
L—oo

~ d—2
Iy, + / dr (Q]Og aF Z QnLn>] . (11)
0 n=0

Instanton determinant of a massless quark

L

: 20+ 1
Tron = lim loz; (21+1)(2l+2)ln<—2l+2>
:757...

1 127 1
2I? +4L — ~InL + — — =1n2
+ + 6n +72 3n}

17 1 1
= —— —=In2+--20(-1)=0a(1/2)  t'Hooft

2 6 6
(12)




Setting up
[e]e]e] lelele]

partial wave cutoff scheme

Rate of Convergence

. 1
@ the rate of convergence is too slow O(f)

We have to calculate huge number of partial wave
determinants.

- 1 .
) Utilize the Z—suppressed terms in the large L. WKB
series.

o

With finite L
~ d—2
len = I'L+ / dr <Qlog + Z QnLn)
0

n=0

N
o0 1 1
+/O dr E 1 anﬁ + O (m) (13)

.




Setting up

[e]e]e]e] Tele)

partial wave cutoff scheme

truncated renormalized effective action

1

Fren = F(N) (L) +0 (m) (14)

@ N: the order of truncation.

@ for a given value of the cutoff L:
1
more accurate I',;, <— more Z—suppressed terms.
@ for a given accuracy:

. . 1
lower value of L <—including some Z-suppressed terms.

A\



Setting up
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partial wave cutoff scheme
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Figure: Plot of IN)(L) with N = 0(brown), N = 1(blue) , ...,
N = 4(black).



Setting up
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partial wave cutoff scheme
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Figure: Same plot with FIG1 with magnification 250.



The Proper-time Radial Green Function
000

Proper-time representation

Proper-teim representation

@ more convenient form of the determinant ratio
det(M; +m?) det(M; +m?)
det(leree 4 m2) B det(leree + m2)7

M, = pd=D/2p @12
@+ P+

= _W + 2 + V(’I”)
d2
= _W + Vl(T‘)
@ The Schwinger proper-time representation
N det(M; +m?) _/OO ds i,
det(Mfee m2) — Jog s

X / dr {Al(r,r; s) — Alfree(r,r; 3)} .
0

(15)

(16)

(17)

(18)

(19)



The Proper-time Radial Green Function
(o] le}

Proper-time representation

Ai(r,r's5) = (rle”*M) (20)
satisfies the equation

{05 — 02+ Vi(r)} Ay(r, 7’5 8) = 0. (21)

large [ and derivative expansion
rescale the potential V;, the proper-time s:

t
v, = 12U, s=175- (22)

{at — 11283 —H/{l(r)}Al < ;;) = 0. (23)

the large [ expansion ~ the derivative expansion




The Proper-time Radial Green Function

[ele] J

Proper-time representation

the proper time radial Green function at the same points:

e—sVl

A(r,r;s) = T

[1 + A2 ( (V))?

4( s <_ 1185 /
3 (20— S 0 +
. 9 . 1788
\6 S "6 _ 4y 0
+ <10368 V)" = e V)V +
4355 117 5(3) 559 21 (4)
2520 i 1008(V) Vi

52
__E;L¢>

83s”
10080
23s°
5040

(5) (6) 8
280141/ 84012) O(A)}

ViV +

(Vl(3) )2 4

4 3
S+ S - S_Vz(4)>

3)
252 (Vl) Vi

19s°

11y ,(4)
2520 ViV




The Proper-time Radial Green Function
®0
[ summation

I'g has a finite expression

FH = lim

e—0

_Am% (H23)€e_m23/(;oo dr Z gl(d) {Al(T‘,T‘;S)

I=L+1
— Afree(p g, s)} + 5F] . (25)

[ summation

8 |
A\

3 e~ S(APHAUFA0) (0 1] 4 el ), (26)
l=L+1

the Euler-Maclaurin formula—> large L asymptotic

= [ - L) - L+ L O o
3 S0 = [ 0@ =510 = D)+ O+ @)




The Proper-time Radial Green Function
oe
[ summation

Large-L expansion of I'g

oo

Z gl(d){Al(r,r;s) Alree(r r: s) } Z P_,L7". (28)

l=L+1 n=2—d

. ds e —m?s > - —n
'y = ll—r% [—/0 ?(,u s)e / dr Z P_,L™" 44T

0 n=2—d

- i P_,L" (29)

n=2—d

.



The Proper-time Radial Green Function

Fomular for P’s in 2D

the degeneracy factor: g;(2) = (2 — d;0, (I > 1).
The large L expansion in (28) starts from F.

Py = —cerfc [ﬁ] v, (30)
2 T
t
Py o= SV, (31)
S W
ez [43/2 £5/2
P, = V-2V -
) 6\/%{27»2(‘/ V') 7~4V}

. erfc [%] ,

D (B3rV: -V —rV"). (32)



The Proper-time Radial Green Function

@ One may perform ¢ integration with these explicit forms of
P_,’s.
@ the first term, Py, —> a pole term:

©dt _m? (Pt € Vit 1 wur
- — 2 [ o fcl] — | =—= —2In|{ ————
/0 ¢ (L2> e e+’yE t (1+wu)L

m27a2

. 1.
@ This pole - is canceled by the counterterm 46T,
€

@ No more divergences in the limite — 0 .
@ Following integral formulas are useful:

> dt n —tﬁ 7"2n
A —t'e "r? = WF(”), (35)

O dt Vi r\2n T(2n)

i 2 erfe [ 2= = 2= 7

/0 phet erc(r) (2) T(n+1)
XoFy(n,n 4+ 1/2;n + 1;1 —(36)



The Proper-time Radial Green Function

@ Here note that we do not expand the function

m2r2
1.2

u=1/1+

@ the uniform nature of our large L expansion.

@ the first coefficient of the large L expansion:

ur
Qlog = lIl <m> T'V, (37)
next sub-leading terms:
1
Q-1 =51V, (38)
Q_s = m {—67‘3u4V2 + 2P0tV 4+ 2% (u? + u + DV

—r(u® 4+ u? — 3u — )V}, (39)



The Proper-time Radial Green Function

1
{6T3u4V2 — 230V — 6r2uV — 3r(ut — 6u? + 5)v} ,
48u7
1 5 81,3 5 81 1\2
—— 1807° (2u + D)u" V" — 407° (2u + D)u’(V
1920L4ull (u + 1)2 { ( ) ( (V)

Q3=

(40)
Q_q =

+87% (2u + Dudv® 4160 (2u® + 4u® + 6u + 3)u® VP + 6073 (u + 1)2 (u? — 5)utv?
—r(u+1)2(81u® — 1185u* + 269502 — 1575)V — 80r* (2u® + 4u? + 6u + 3)uSVV’
+ar?(4u” + 18u® 4+ 32u® — 139u* — 310u® + 20u? + 350u + 175)u? V'

—4r3(au® + 13u? 4 220 — 44u? — 110u — 55)u? V"' — 80r° (2u + l)uBVV”} RN CE))

@ See Ref: hep-th 0805.0079 (PRD in press) for other
formulas in 3D, 4D, 5D.



gauge theory
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Gauge Theory Application

The one-loop effective action:

det(—D? 4+ m?)

'~1

(42)

Instanton-like profile

a

Au(x) = Moz [()g . (r=[xl=EET)  (43)

. det(—9%? +m?)’

Radial operator for a partial wave of (j,1)

Mz = =02+ V) (45)

1 3
vy = B 22521 *3) L agr) {j(j ) -+ 1) - z}%rzﬂu

(46) |

~—
[V




gauge theory
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Gauge Theory Application

Figure: Plots of the radial profile function H(r).
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Gauge Theory Application

Partial wave expression

radial determinant

det[M; ;y +m?]
Fu,j):ln( = ) (47)

det [/\;lfree + m2]

the low angular momentum part

L

Me= Y @+)@+2){Tguy+Tu1y} 48
1=0,3,1,-




gauge theory
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Gauge Theory Application
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Figure: plot of partial wave determinant



gauge theory
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Gauge Theory Application

With finite L
59 d—2
lien = I+ / dr <Qlog + Z QnLn)
0 n=0

o N 1 1
+/0 er_:IQ_nﬁ +0 (W) (49)

ot




gauge theory
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Gauge Theory Application
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Figure: We have plotted L-dependence of the renormalized action



gauge theory
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Gauge Theory Application
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Figure: We have plotted L-dependence of the renormalized action
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Gauge Theory Application

—0.1f
-0.2f
-03f

~04F

-050

Figure: Plots of the modified effective action as a function of mp, for
a=1,2,3,4,5
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Gauge Theory Application

Small mass limit o = 1

L(m) = A+ Aym?Ilnm
0.145873(29) + 0.499(17)m? Inm (50)

Ay = —% + é(l —In2) — 2¢'(—1) ~ 0.14587331 - - -
A= /
Table: Table of two parameters for o = 1,2, 3, 4, 5.
ol 1 2 3 4 5

A, 0.145873 0.129759 0.113632 0.082787 0.037283
A, 0.499(17) 0.305(81) 0.291(68) 0.292(11) 0.295(03)




conclusion

Conclusion

@ We have developed an efficient computational method for
the one-loop effective action in radial background fields.
o @ Partial wave
© Partial wave cut off
© Gelfand-Yaglom method for some lowest partial waves
© analytic expression for large-L expansion for high angular
momentum part

@ Fermion determinant is under investigation
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